We present several exact solutions to the coupled nonlinear Gross-Pitaevskii equations which describe the motion of the one-dimensional spin-2 Bose-Einstein condensates. The nonlinear densitydensity interactions are decoupled by making use of the properties of Jacobian elliptical functions. The distinct time factors in each hyperfine state implies a "Lamor" procession in these solutions. Furthermore, exact time-evolving solutions to the time-dependent Gross-Pitaevskii equations are constructed through the spin-rotational symmetry of the Hamiltonian. The spin-polarizations and density distributions in the spin-space are analyzed.
I. INTRODUCTION
The spinor Bose-Einstein condensates (BECs), which have been experimentally realized in optical potentials, exhibit a rich variety of magnetic effects. Due to the internal degrees of freedom, they give rise to phenomena that are not present in the single component BECs [1] [2] [3] , such as magnetic crystallization, spin textures, and fractional vortices, ect. In a spinor condensate, there exists an interplay between superfluidity and magnetism associated to the spin-gauge symmetry in the Hamiltonian. A direct consequence is that the ferromagnetic BECs spontaneously induce a supercurrent as the spin is locally rotated 4, 5 .
The mean-field motion of the dilute spinor condensates is governed by the coupled Gross-Pitaevskii equations (GPEs) [6] [7] [8] [9] [10] . There are many theoretical works that numerically solve GPEs or the corresponding stationary equations [11] [12] [13] [14] . Analytical solutions to the GPEs are generally difficult because of the nonlinear density-density coupling between the atoms as well as the spin-spin coupling between the hyperfine states. Many efforts have been contributed to the one-dimensional (1D) soliton limits 15, 16 , mainly for the F = 1 condensates. Nevertheless, exact analytical solutions for the spinor BECs, especially for the F = 2 condensates, are absent in literature. In a previous work, we have presented exact solutions to the F = 1 GPEs 17 . In this paper, we construct exact non-solitary solutions to the F = 2 GPEs in 1D and give more insights into the internal structure of the states. The solutions are of complex form and are expressed in combinations of the Jacobian elliptical functions.
The paper is organized as follows. In Sec.II we describe the 1D coupled nonlinear GPEs for F = 2 BECs. A set of generalized stationary equations are deduced. In Sec.III we present the special forms of analytical solutions in which only two of the components are nonzero. In Sec.IV, the associated time-evolving solutions to the * Corresponding author: yangshijie@tsinghua.org.cn special solutions are constructed by making using of the spin-rotational symmetry of the Hamiltonian. Section V includes a brief summary.
II. EQUATIONS OF MOTION
The spinor condensate formed by spin-2 atoms is described by a macroscopic wave function with five hyper-
T . The meanfield Hamiltonian is expressed as 18, 19 
where F = ψ * mF mn ψ n withF i (i = x, y, z) the 5 × 5 spin matrices. The coupling constantsc 0 ,c 1 andc 2 are related to scattering lengths a 0 , a 2 and a 4 of the two colliding bosons, with total angular momenta 0, 2 and 4,
is the external potential. Hamiltonian (1) possesses the U (1) phase × SO(3) spin symmetry. The energies are degenerate for an arbitrary state Ψ and its globally spin-rotational states Ψ ′ = U Ψ, where U is the 5 × 5 rotational matrix in the spin space which is expressed by the Euler angles as U (α, β, γ) = e −iFz α e −iFyβ e −iFzγ . In the ground state, the symmetry is spontaneously broken in several different ways, leading to a number of possible phases [19] [20] [21] [22] . We are concerned with the quasi-1D F = 2 BECs in a uniform external potential (V (r) = 0). The dynamical motion of the spinor wave functions are governed by i∂ t ψ m = δH/δψ * m , which are explicitly written as the coupled nonlinear GPEs,
where
⊥ are the reduced coupling constants with a ⊥ the transverse width of the quasi-1D system.
Below we chooseh = M = 1 as the units for convenience. c 0 , c 1 and c 2 are treated as free parameters. By substituting the wavefunction Ψ(x, t) with
we obtain the generalized stationary GPEs as,
It is notable that the solutions to the Eq.(4) are not strictly "stationary" states since each component contains a distinct time-dependent phase factor, given µ 1 and µ 2 are not equal to zero. As we shall show, a "Lamor" procession in the spin space is associated to these states. The parameters µ 1 and µ 2 play the roles of linear Zeeman energies. Nevertheless, the density distribution of each hyperfine state are time-invariant. Hence we simply call these states as stationary states.
The periodical boundary conditions
is adopted. In the following we consider two types of complex solutions to the stationary equations (4).
III. SPECIAL SOLUTIONS
In order to decouple the nonlinear spin-spin interactions in Eq.(4), we consider the special cases with only two of the hyperfine states are nonzero. The nonlinear density-density interactions are decoupled by making use of the unique properties of the Jacobian elliptical functions, as shown in the follows. The general forms of solutions in which all components are nonzero are obtained by the applying a rotation in the spin space, which will be addressed in the next section.
A. Type A solution
We first take the following ansatz as the solution to the nonlinear Eqs. (4),
where f (x) = A + Bcn 2 (kx, m) and A, B and D are real constants. sn and cn are the Jacobian elliptical functions and k = 4jK(m) with m the modulus (0 < m < 1).
In the context we always take the number of periods j = 2 as examples. One has
By substituting the relations into the coupled GPEs(4) and making use of the relations between the Jacobian elliptical functions, one obtain the decoupled equations
where the effective chemical potentialsμ m and effective nonlinear coupling constantsγ m are respectively defined as
and
The decoupled Eqs. (8) can be self-consistently solved to yield,μ 
The phase in Eq. (6) is calculated as
is the integral constant. The periodical boundary conditions (5) require that the amplitudes and phase satisfy
respectively, where n is an integer. The periodical condition for the phase is satisfied by properly adjusting the modulus m of the Jacobian elliptical functions. In the calculations, we fix the modulus m and µ 1 , µ 2 while adjust µ to fulfill the periodical boundary conditions (14) . Figure 1 display the distributions of the density, the phase and the spin-polarization of the solution (6) . The relevant parameters are c 0 = 8, c 1 = 7, m = 0.81, µ = 201.9003, µ 1 = 60, µ 2 = 600, and n = 2. Numerically, we getμ 2 = 655.2336 andγ 2 = 24. It implies that the effective interactions in the m = −1 hyperfine state should be repulsive while in the m = +2 hyperfine state should be repulsive. One notes that F x (x) = F y (x) ≡ 0 and A 00 (x) = 0. Obviously, the spin-polarization vector F(x) is not enough to exhibit the spin configurations for the F = 2 condensates. In order to reveal the "Lamor" precession of the spin, in Fig.2 we display the density distribution in the spin space. At the nodes of the ψ −1
FIG. 2:
Snapshots of the density distribution for (6) (attached by the time factor) in the spin space at t = 0, t = T /8, and t = T /3, respectively. The procession period is T = 2π/ω.
(x = 0, 0.5, and 1.0) it becomes fully spin-polarized with the spin-configurations exhibit the axial symmetry. At other spatial positions the spin-configuration exhibit the tetrahedral symmetry, which subsequently rotate an angle to the adjacent positions. As we have stressed, although state (6) is the solution to the stationary equation (4), it contains a spin procession with frequency ω = µ 2 + µ 1 . Fig.2 snapshots this procession at t = 0, t = T /8, and t = T /3, where period T = 2π/ω.
B. Type B solution
We next take an alternative ansatz as the solution to the stationary Eqs. (4),
where f (x) = A + Bsn 2 (kx, m) and A, B and D are real constants. One has
By the same way, we obtain the decoupled equations asμ where the effective chemical potentialsμ m and effective nonlinear coupling constantsγ m are respectively defined as
(19) The decoupled Eqs. (17) are self-consistently solved to yieldμ
The phase in Eq. (15) is
is the integral constant. The amplitudes and phase should satisfy the periodical boundary conditions (14) and the modulus m is accordingly determined. In order to exhibit the spin procession of the state, we show in Fig.4 the density distribution in the spin space at t = 0, t = T /8, and t = T /3, respectively. The procession frequency is ω = µ 2 − µ 1 and T = 2π/ω. The spin is fully polarized as the nodes of hyperfine state ψ −2 . At other positions, the density distribution has C 4z symmetry and is obviously distinct to that of solution (6) .
IV. GENERAL SOLUTIONS
The more general time-evolving solutions to the GPEs (2) can be obtained by making use of the symmetry of the Hamiltonian. If Ψ(x, t) is a solution to the GPEs (2), then Ψ ′ (x, t) = U Ψ(x, t) is also a solution, where U is an arbitrary rotational transformation in the spin space which is explicitly written with the Euler angles as 
